Purpose-This study aims to develop a simple analytical model for predicting the throughthickness distribution of residual stresses in a cold spray deposit-substrate assembly.
Nomenclature

,
Constants (related to material's properties, cold spray (CS) process parameters, and specimen geometry) h, ∆ℎ Substrate height, CS layer height, respectively (mm) Residual stress in a newly deposited CS layer or the near-surface residual stress (MPa) 
Introduction
Cold spray (CS) is an increasingly used solid-state additive material deposition technique of high strain-rate, where powder particles are propelled to reach a critical velocity by a supersonic jet of preheated compressed He or N2 gas. The high-velocity impact of the powder particles and their associated severe plastic deformation, results in a coating on the substrate or previously deposited particles. The three major applications of the CS process are protective coating, repair of high-value metallic components, and additive manufacturing [1, 2] . The build-up of residual stresses during the CS deposition process plays a significant role in the development of a compact and well adherent coating or coatings suitable for repair applications. The distribution and the magnitude of residual stresses influence the bonding mechanism, mechanical properties of the deposited materials, substrate-coating adhesion, and cohesion between deposited layers [3] . Therefore, it is very important to understand, predict and effectively control residual stresses in a CS deposit-substrate system, in order to optimise the integrity of a coating or repair, in terms of adhesion, wear, fatigue life, resistance to cracking and the overall in-service performance.
There are three approaches to evaluate residual stresses in engineering components, which are the analytical/empirical, numerical, and experimental methods. Even though the experimental methods possess various advantages, modelling of residual stresses is an attractive alternative method as it is quicker, inexpensive, and allows parametric studies. Many researchers have used analytical methods [3] [4] [5] [6] [7] [8] [9] [10] [11] , and numerical models [3, 8, [11] [12] [13] [14] [15] [16] [17] [18] [19] for predicting residual stresses induced by the CS process.
Most of the current analytical models are based on the bending deformation method (also known as the deflection method or curvature method) [3] [4] [5] [6] [7] [8] [9] [10] [11] , originally developed for evaluating residual stresses in thin coatings (e.g. thermal spray coatings, electrolysis film deposits) or shot-peened parts. In these methods, residual stresses were estimated from spraying or peening induced bending based on the relationship between the induced stresses and the magnitude of bending. Curvature based approaches are generally used for residual stress evaluation on narrow strips (suitable only for thin coatings with a few layers) to avoid multiaxial curvature and mechanical instability [20] . Also, the elastic modulus should be determined experimentally in order to achieve better evaluation [4, 7, 20] . The latest version of this method is known as the in-situ curvature method or continuous curvature measurement method for determining the through-thickness stress profiles by continuous monitoring the curvature and temperature changes during the deposition process, albeit some numerical and experimental challenges [5, 7] . The main drawbacks of this method are: (i) it is impossible to retrace stresses in the specimens without recorded in-situ deflection and thermal history, and (ii) it works only for certain design and geometries [5] . Many researchers [3, 5, 6, 11, 21] have used an analytical model [22] for predicting the through thickness residual stress distribution in CS depositsubstrate assemblies. However, this method is very complicated as it involves more experimental measurements, such as Young's modulus (both for the deposited and substrate material) and induced curvature changes (before deposition, after each successive layer deposition, and the final deposit-substrate composite after cooling down to room temperature).
It also requires calculations for evaluating effective Young's modulus, effective stiffness inplane stress condition and neutral axis position, etc., in order to calculate stresses at the midpoint of each layer and at the top and bottom of the substrate [22] .
Analytical methods based on the Hertzian contact and Taylor's impact test were originally developed for predicting shot peening induced residual stresses. Methods based on Hertzian contact can be used to measure the maximum residual stress at the free surface of the deposits, and is strongly dependent on the elasto-plastic properties of the material (mainly on the yield strength) and spray kinetic conditions. Limitations of this method are stated in [5, 6] . Taylor's impact test can be used to measure the average strain rate and average impact pressure using estimated values of particle velocity, impact strain and impact duration [5, 6] . Nevertheless, approaches based on the Hertzian contact and Taylor's impact are not suitable for predicting through-thickness residual stress profiles induced by the CS process. Therefore, these analytical methods are not suitable for evaluating through thickness distribution of residual stresses induced by thicker cold spray deposits.
Numerical methods are highly complicated, need large computational time and expertise in various physics-based theories and modelling techniques (e.g. fluid-dynamics, smoothed particle hydrodynamics, Gruneisen formulation, Lagrangian based finite element techniques, kinematic hardening models, thermo-mechanical modelling, high strain rate plasticity models, etc.) [3, 8, [11] [12] [13] [14] [15] [16] [17] [18] . Moreover, the number of particles used in numerical models were limited, as the particle to substrate and particle to particle interactions were defined manually due to unavailability of user subroutines to define these interactions. Increasing the number of particles leads to an increase in particle interactions exponentially, resulting in manual modelling setup impracticable [17] .
Therefore, it is of great interest to develop a simple and efficient analytical model to predict residual stress distribution and magnitude induced by the CS process. This study aims to develop an analytical model based on a generalised concept of the force and moment equilibrium requirements within a system. This model demonstrates the distribution and magnitude of residual stresses in the substrate as well as previously deposited layers due to the stress induced by a newly deposited CS layer. The original idea of the analytical model is based on the work of Shiomi [23] , which has demonstrated the increment of residual stresses due to the deposition of additive layers in the Selective Laser Melting (SLM) process. In the present study, Shiomi's idea is further developed and modified with changes in the assumptions, for predicting of residual stresses arising from the CS processes.
Formulation of the proposed model
Mechanisms
In view of residual stress generation, CS processes can be categorised into two different mechanisms: (i) Peening dominant CS process, where plastic deformation is caused by the peening impact of high-velocity powder particles. In this process, peening stresses are dominant due to its low deposition temperature and high velocity of the particles resulting in reduced thermal input and increased peening effect [8] [9] [10] . For example: Cu/Cu, Cu/Al, Al/Al, Al/Cu [5] , Al/Mg, Al6061/Mg, Al7075/Mg [6] .
(ii) Thermal mismatch dominant CS process, which is originated from quenching of the sprayed splats, owing to the different thermal contraction of the substrate and deposited material, and/or temperature gradient in multi-pass deposition process [6] [7] [8] 10] . For example: Ti/Cu [21] , Al/Mg [6] .
In the peening dominant processes, stresses near the free surface of CS deposits are generally compressive in nature, and gradually become tensile at the interface. Then, there is a discontinuity in the stress magnitude or the slope on either side of the interface due to the stiffness difference arising from the difference in the elastic modulus between the substrate and CS deposits [21, 24] . Therefore, process induced residual strains are continuous at the interface, but stress values are different on either side of the interface. Further, from the interface, stresses gradually changes to compressive towards the bottom of the substrate. As an example, Fig. 1(a) shows a residual stress profile for Al 6061 coatings on Mg substrate, using the Cold Gas Technology (CGT) system [6] .
In the thermal mismatch dominant process, stresses at the free surface of CS deposits can be tensile [6, 21] or neutral [21] , depending on the spray process parameters and material properties [7] ; then stresses gradually become compressive in the interface region. For the substrate material, stress distribution is similar to peening dominant CS processes. Fig 1(b) shows an example stress profile for Ti coatings on Cu substrate, using the CGT system [21] .
Based on the experimentally measured residual stress distribution [3, 5, 6, 21 ], a conceptual model has been developed to interpret the mechanism of residual stress build up in the peening dominant CS deposition process, as illustrated in Fig time on a deposit-substrate of increasing height, due to the peening impact of the powder particle. Therefore, the final stress distribution in a multilayer deposit-substrate assembly is significantly different from the initial system with a single layer, which can be determined by a succession of force and moment balance calculations. Fig 2 (b) represents the final state of residual stress distribution in a deposit-substrate assembly after deposition of 'n' layers, having a negative moment in the substrate and a positive moment in the coating to satisfy the force and moment equilibrium requirements. As a result, residual stresses near the free surface of the deposits and substrate are compressive in nature, whereas residual stresses are tensile in nature at the interface to maintain equilibrium.
Similarly, in the case of thermal mismatch dominant CS process, mechanism of residual stress build up is illustrated in Fig. 2 'n' layers, having a negative moment both in the substrate and CS coating. As a result, residual 6 stresses at the free surface of the deposits and in the substrate just below the interface are tensile in nature, whereas residual stresses are compressive in the coating region just above the interface and bottom of the substrate. 
Assumptions
Based on the experimental observation and the aforementioned conceptual model, the following assumptions were made for the proposed analytical model:
1) The substrate is free from residual stresses prior to material deposition and fixed in position by a sample holder which allows distortion (if any) during the deposition process.
2) The general beam theory is valid, and no external forces are applied to the depositsubstrate assembly.
3) The substrate and CS deposited layers have the same width and same length.
4) Residual stress in each newly deposited CS layer has the same value 'k', which is a constant throughout the layer height (∆h).
5) The height of each newly CS deposited layer is the same, i.e. '∆h'.
6) Linear stress distribution in the substrate can be described by a linear equation (Section 2.3) following an increment of residual stress '∆ ' owing to deposition of a new CS layer. It is assumed that stress increment distributes linearly in the substrate due to the deposition of 1 , 2 , … … … ℎ layer of CS respectively as follows:
Formulations
Peening dominant CS process
After solving the force and moment equilibrium equations, we can get (see Appendix I) - 
Using the values of ( 1 , 1 ), ( 2 , 2 ), … … ( , ), the total stress increment in the substrate due to the deposition of 1, 2, … … layers, respectively, can be expressed by eq. (3): 
Therefore, the total increment of residual stresses in the substrate due to the deposition of 'n' layers of CS can be expressed by a simplified eq. (4):
The total stress increment in the 1 , 2 , … … … ( − 1) ℎ layers respectively due to the deposition of the ℎ layer of CS can be expressed by eq. (5): Eq. (5) can be written in a simplified form as eq. (6):
Equations (4) and (6) can be used to calculate the distribution and magnitude of residual stresses in a CS deposit-substrate assembly if the residual stress in a newly deposited layer (i.e. 'k') is known. The value of 'k' relies on the material's properties (particularly the yield strength), CS process parameters, and the specimen geometry; which can be evaluated by measuring the nearsurface residual stress using the incremental hole drilling or X-ray diffraction method. Fig. 4 shows the build up of residual stresses in the substrate and CS deposits due to the deposition of the first, second, and n th layer respectively, for the thermal mismatch dominant CS process. A summary of the key equations are presented below. It is assumed that stress increment distributes linearly in the substrate due to the deposition of the 1 , 2 , … … … ℎ CS layer respectively as follows:
Thermal mismatch dominant CS process
After solving the force and moment balance equations: (8) Using the values of ( 1 , 1 ), ( 2 , 2 ), … … … ( , ) from eq. (8), the total stress increment in the substrate due to the deposition of 1, 2, … … … layers, respectively, can be expressed by eq. (9): Therefore, the total increment of residual stresses in the substrate due to the deposition of 'n' layers of CS can be expressed by a simplified eq. (10):
The total stress increment in the 1 , 2 , 3 , … … … ( − 1) ℎ layers respectively due to the deposition of the ℎ layer of CS were derived as per the figure 4 (similar to the derivation for eq. 5 and eq. 6). It was found that stress distribution in the CS layers for the thermal mismatch dominant process can be expressed by the same equation as eq. (6) . Therefore, in the case of thermal mismatch dominant CS process, eqs. (10) and (6) can be used to calculate the distribution and magnitude of residual stresses in the substrate and CS deposits, respectively.
Parametric study of geometrical variables
A parametric study has been performed in terms of the influence of the deposited layer number, substrate height, and individual layer height on the distribution and magnitude of residual stresses in a CS deposit-substrate assembly. The parametric study presented here is to understand the effect of geometrical variables on residual stresses for both the peening dominant and thermal mismatch dominant CS processes, which is not material specific. For the peening dominant CS process, the value of 'k' is assumed as -50 MPa, which is within the range of 'k' values (-7.8 to -80.6 MPa) for peening dormant process according to [3, 5, 6] . For the thermal misfit dominant CS process, 'k' is set as 45 MPa, which is within the range of 'k' values (~10.0 to 48.5 MPa) for thermal mismatch dominant CS process according to [6, 21] . mm (10 layers) and 0.5 mm (6 layers), respectively. It was found that the higher the individual layer height, the greater the magnitude of tensile residual stresses at the interface, however, the differences are not significant.
Validation and verification
The proposed analytical model has been validated with published neutron diffraction measurements and verified with the Tsui and Clyne's model and a finite element model [3, 5, 6, 21] . Validation and verification examples are presented for eight different cases having different combinations of deposit-substrate assemblies in terms of materials used (Mg, Cu, Ti, Al, and Al alloys) and also the geometries. Table 1 represents the parameters used for predicting residual stresses using the proposed model. In addition to Table 1 , a collated data set from the literature are also presented in Table A1 in Appendix III. Residual stress value in the newly deposited layer was considered as the near-surface residual stress value from neutron diffraction measurements. The layer height was assumed within the range of 100 µm to 290 µm to comply with a total height of the CS deposits. proposed model (such that it ignores the material's yielding, the interaction between the newly deposited layer and the substrate and/or previously deposited layers, etc.). Moreover, the experimental deposition may itself produce material inhomogeneity.
Conclusions
An analytical model was developed for predicting the distribution of residual stresses induced by the cold spray (CS) deposition process. The model is based on the force and moment equilibrium of the induced stresses by additive deposition of material layers. Based on the study, the following conclusions can be drawn:
1) A reasonably good agreement was achieved among the proposed model's predictions, published experimental measurements, and predictions by existing analytical and numerical models.
2) To calculate the through-thickness distribution of residual stresses in a cold spray depositsubstrate assembly, the proposed model requires only four parameters: the layer height, substrate height, number of deposited layers, and residual stress value in a newly deposited layer or the near-surface residual stress value.
3) Compared to existing analytical and finite element methods, this approach is simpler and can give a quick estimation of residual stress distribution and magnitude. With good calibration of residual stress value in a newly deposited layer, this analytical approach can be used to predict through-thickness residual stress profile in a cold spray deposit-substrate assembly with less cost and time.
4) The proposed model allows parametric studies of geometrical variables. Moreover, since the residual stress value in a newly deposited layer depends on the CS process parameters; therefore, with further experimental testing, the model can be linked with the CS process parameters, and can be used as an evaluation tool for the CS process parameter design aimed at residual stress control.
The equilibrium equation for the moment after the addition of the n th layer in the x-direction for a unit width is given below: So, the total stress increment in the substrate due to the addition of 'n' layers is given by: The total stress increment in the first layer due to the addition of the n th layer is given by: The total stress increment in the second layer due to the addition of the n th layer is given by: Therefore, the total stress increment in the 1 , 2 , 3 , … … ( − 1) ℎ layer respectively due to the addition of the ℎ layer is: to the addition of a 3 rd layer, the total stress increment in the 1 st layer needs to be calculated by using the value of = 3 and = 1 in equation (A19); similarly, the total stress increment in the 2 nd layer needs to be calculated using the value of = 3 and = 2.
II. Mathematical derivations for thermal mismatch dominant cold spray process
Mathematical derivations for the thermal mismatch dominant CS process is very similar to that of the peening dominant CS process, which has been demonstrated in Appendix I.
III. Additional 'k' values and other geometrical parameters
In addition to Table 1 , a collated data set with measured 'k' values and other geometrical variables from the literature are presented in Table A1 , which can be used to validate the proposed analytical model. 
